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The Cross-Ratio Group of 120 Quadratic Cremona 
Transformations of the Plane. 

Part Second:* Complete Form-System of Invariants. 

By Herbert Ellsworth Slaught. 



§1. — Invariants of the Binary Quintic Form. 

1. Three invariants of the quintic as given by Salmonf are : 

P 2 =n(12) 2 , } 

A = 2(12) 4 (34) 2 (35) 2 (45) 2 , V (1) 

G = P 2 2 (1 2)~ 4 (34)~ 2 (35)- 2 (45)" 2 > J 

where (ij) means the root difference 

(a, — a,), (*>/ =1 ••••5). 

2. The ratio A : P written in cross-ratio form is 



A:P= [3214][3415][3512] + [4123] [4325] [4521] " 
+ [5132] [5234] [5431] + [5213] [5314] [541 2] 

— [2314][2415][2513]— [3124][3425][3521] 

— [4132][4235][4531] — [5 142] [5 243] [5341] 

— [51 23] [5324] [5421]— [4213] [4315] [451 2] J 



(2) 



in which \ijM\ = fa-"»)fa- a i) , (i,y, k , 1= 1 • • • • 5). 

{a s — a^Xtti — ai) 

If we put in (2) % t = [4235] , 

* The first part of this memoir is to be found in the American Journal of Mathematics, vol. XXII, 
pp. 843-388, 1900. It will be referred to here simply as Part First, 
t" Modern Higher Algebra," third edition, §241. 
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100 Slattght: The Gross-Ratio Group of 120 Quadratic 

and let a 2 a, 5 be derived from \ by successive application of the cyclic per- 
mutation (12345) to the indices, and make use of the relations* 

1 — Ai Ag 1 Aj Ag 

we get 

^:P=-{(l-A 1 ) 3 [l+Al(l-A 1 ) 3 +AfAf] + (l-^) 2 [l+^(l-A 2 ) 2 +^^] 

+ (1-a 1 a 3 ) 2 [a? + a|+(1-a 1 a 2 ) 2 + (1-a 1 ) 2 (1-a 2 ) 2 ]} 

: {^A,(l -AjXI - A 2 )(l- AjA 2 )f. (4) 

3. We now identify the roots a t with the variablesf v t in the following order : 



a x a % a 3 

"5 v% V3 v l ''>i 
and obtain the relation 



»3 «4 at>\ / 5 \ 



Al = p, a 2 =-^— — . (6) 

Substituting (6) in (4) and changing to homogeneous coordinates 



P 



a 



*M. J. M. Hill, " The Anharmonic Ratios of the Boots of a Quintic " (Proceedings of the London 
Mathematical Society, vol. XIV, p. 182). 

t E. H. Moore, " The Gross-Ratio Group of n ! Cremona Transformations of Order n — 3 in Flat 
Space of n — 3 Dimensions" {American Journal of Mathematics, vol. XXII, p. 280, 1900). For the case 
n = 5, 1 use the variables v 1 . . . . v 5 , and the fundamental system of cross-ratios, 

p=P i — ['» 1 v 2 v s v i ] and o = p i z=[v 1 v 2 v $ v i ]. 

Whence, p lt p 2 , p z give the special values 00, 0, 1. 

With this notation, for example, the transformation T, corresponding to the substitution on the 
indices (15)(34), is derived as follows : 

'— — (Ps—Pi)(P2—Ps) — P — 

p_, iM ,_^__ 5l ___j__ ( __j, 

a' — o — (Ps — Pi)(Pi — Pi) — P — g 

which, in homogeneous coordinates, becomes 

T ; a,' : 2 S ' : aa' = a 3 (21 — 2 2 ) = («i — 2a) («» — «2> : «i (23 — 2a). 
See Part First, Arts. 4, 28 and 58. 



Cremona Transformations of the Plane. 101 

there results 

+ (% — z 2 ) a (zi — z 3 )\z 2 — z 3 f \ : { Z X Z a Z 3 (Zj — 2 2 ) (Zj — 3j) (a, — z 3 ) [ . i 
In a similar manner, 
G:P S = — \tz\4{z 1 -z l )\z l -z A ) i {z % — 4) + Z444(zi-z i Y(zi-%Y ) 

+xzi44(^-^n^-^y(^-^y+444(^-^)\^-^f(^-^f} > («) 

4. Applying to (7) and (8) the transformation 

z 1 :z 2 :z 3 = y 1 — y i :y z — y i :y 3 — y i , (9) 

we find the functions proportional to J., P 2 , C ; 

M =2(2/ 1 -^)%3-^) 4 + 2(2/ 1 -2/ 2 ) a (z/ 1 -^) 2 (2/ 2 -2/s) 2 , 1 

5 2 p 2 = (*/i - 2/ 2 ) 2 (2/i - 2/8)%! - s/4)U - ?/s) 2 (s/ 2 - ytfty* - y*Y, I n , 

he = 2(y 1 -y z ) 2 (y 1 - ys)\yi-ydXyz-y*)\yz-ytf ( { } 

+ P 2 2 (j/x - 2/ 4 ) 2 (2/ 2 - 2/ 4 ) 2 (2/ 3 - 2/ 4 ) 3 . J 



5. It is desirable to evaluate A, P 2 and G in terms of the elementary sym- 
metric functions : 

— 2>i = %> P2=%i%. — A = %i%y*. Pi = yiy»y»!/it (n) 
(»,/, *=i .... 4). 

The results for J. attd P 2 are easily found : 
^.4 = 3 2 />| + 2- 3/?f + 2 3 - 5p a £> 4 + . . . - terms containing^ as a factor, ") 
^P 2 = 2" pi - 2?p$ - 2 z plp$ - 2 pip* + &pi Pi + 2*. 3 8 B A f (12) 

+ • • • • terms containing p x as a factor. ) 

6. For the first part of G, whose weight is 18, we have 

2 (2/1 — 2/ 2 ) 2 (s/i — y s Y(yi — ytf(y%— ytfiy* — 2/*) 4 = <*ip» +<hp$ 1 

+ «W$1>' + atPa-Ps + atPtPs +<*tPaPi + <hP*P* + <hP»P* I , * 
+ a<,p z p\ +aiQPaPsPi + <hiPtP»Pi + <haPipip* \ 

+ 41 terms containing j9 x as a factor. I 

7. In (13) put 

2/i = — 2/ 3 = l. j/ 2 = ?/ 4 =0, 
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Whence by (11), p 1 =zp 3 =:p i = o, p % — —\. 

From which a x = — 2 2 . 

To determine a 2 , a 4 , a 5 , put in succession in (13), 

2/i> 2/ 2 , 2/3, 2/4= 0, 2, —1, —1 ; 0, —3, 2, 1 ; 0, 4, —3, — 1. 
whence 

Pi, Pz, Ps, Pi= 0, —3,-2, 0; 0, — 7, 6, ; 0, —13,-12, 0. 

These substitutions lead to the conditions, 

1) 2 4 a 2 + 3 6 a 4 — 2 2 -3 3 a 5 = — 2-3 8 , 

2) 2 4 -3 6 a 2 + 3 2 -7 6 a 4 — 2 2 -3 4 -7 3 a 5 = 2"-5 5 + 3 4 - 5 5 + 2 11 - 3 4 - 13— 7 9 , 

3) 2 10 -3 6 a 2 +2 2 :-3 2 T3 6 a 4 — 2 6 ^3 4 13 3 a 5 = 3 4 5 5 -7 4 + 2 u -7 4 -17 + 2 U • 3 4 • 5 6 — 13 9 , 

from which 

ag= — 2-3 5 , a 4 = — 2-311, a 5 = — 2 2 -"3 2 - 11. 

8. To find a 6 , a 7 , a 8 , a 9 , put in succession, 
2/1,2/2,2/3,2/4=1,-1, 1,-1; 1,-1, 2,-2; 1, -1, 3,-3; 2,-2,3, -3 

Whence, 

Pi,P2,Ps,Pi = 0, —2, 0, 1; 0, -5, 0, 4; 0, —10, 0, 9; 0, —13, 0, 36. 
Then from the equations : 

1) 2 6 a 6 + 2 4 a, + 2 2 a 8 + a 9 = 2 10 , 

2) 5 6 a 6 + 2 2 -5 4 a 7 + 2 4 -5 2 a 8 + 2 6 -a 9 = — 2 6 - 11- 29-113, 

3) 2 6 -5 6 a 6 +2 4 -3 2 -5 4 a,+ 2 2 3 4 - 5 2 a 8 + 3 6 a 9 = — 2 10 - 83, 687, 

4) l&a, + 2 2 - 3 2 - 13 4 a, + 2 4 - 3 4 - 13" 2 a 8 + 2 6 - 3 6 - a 9 = — 2 6 - 7, 238, 879 , 

we get, 

a 6 =2 6 , a 7 =-2'll, a 8 =-2 10 .7, a 9 = 2 w -47. 

9. To find a 3 ,a 10 , a n , a 12 , put in succession, 
2/1,2/2,2/3,2/4=1,1,1,-3; 1. 1, 2,-4; 2, 2,-3,-1; 1, 1, 4, -6, 

which give, 

Pi,P»,P»>Pi = 0> -6,8,-3; 0, -11, 18,— 8; 0, -9,4, 12; 0,-27, 50,-24. 



Cremona Transformations of the Plane. 103 

Then from the equations : 

1) 3a 3 — 2 7 a 10 + 2 4 -3 3 a u — 2 2 -3 2 a 12 = 2 7 -3 3 -7ll, 

2) 2 6 a 3 — 2 2 -3 4 -lla 10 + Tl 4 a 11 — 2 3 Tl 2 a 12 = 2 3 - 1, 339, 307, 

3) 2 4 a 3 — 2 4 a 10 + 3 6 a u +2 2 -3 3 ai2 = 2 3 -3 2 - 11 • 617, 

4) 2 6 a 3 - 2 2 -3-5*a 10 +3 10 a u — 2 3 -3 B a 12 = 2 3 - 3 2 - 7- 11 ■ 9, 767, 

we find, 

a 3 = — 2 7 -3 2 -23, a 10 =2 4 -3 3 , a u =2 8 131, a 12 = 2 5 -3 2 -5. 

Thus we have found : 



2 (y, - y*)\yi - y 3 )\yi - y*)\y* - ysYXy* - y*) 4 = - $pl - 2 • a^s 

— 2 7 • 3 2 • 23ft 2 pi — 2 • 3 • 1 lft 3 ft 2 - 2 2 • 3 2 • 1 lft 3 ft 4 + 2>lft — 2 7 • 1 lft 5 ^ 

— 2 10 • 1pip\ + 2 10 • 4 7ftft 4 + 2 4 • 3 3 ft ft 4 ft + 2 3 • 1 3 li>|ft 2 ft + 2 5 • 3 2 • hplptp J 
+ . . . . terms containing ft as a factor. 



J- («) 



(15) 



10. If the second part of G be evaluated in a similar manner and the result 
combined with (14), we have finally, 

\ G = — 2 2 ft> — 2 • 3 3 • 23ft 6 — 2 . 1 7ft 6 p| — 2 7 • 1 5 lft 2 ft 3 
— 2 2 - 73ft 3 ft* — 2 8 ft 7 ft + 2 7 ft 5 ^ 2 — 2 10 - 13ft 3 p 3 
+ 2 10 • 5 • 1 1ft ft 4 + 2 4 • 3 2 • 5 2 ftft 4 ft +2 3 • 3 3 ft 4 ^ 2 ft + 2 5 • 7 • 1 \p\p\p\ 
+ • • • • terms containing p 1 as a factor. 

§2. — Invariants of the Subgroup 6$. 

Critical and Non-Gritical Points. Arts. 11-13. 

11. One of the points 

\i (i=2 5) 

is non-critical in the following cases : 

(a). In general, for all the linear transformations of G m which form the 
subgroup G$ and which permute these four points among themselves in 4 ! ways. 

(b). In particular, for a certain dihedron subgroup of G$, which leaves the 
corresponding point fixed. Thus the point li is fixed under 

G%~\jM\ all, (»,/, M=2.... 5). 
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(c). For such quadratic transformations as leave the point fixed, thus li is 

fixed under each of the 6 quadratic transformations of the set [Part First, 

Art. 10], 

AT 1 - W-ll(li). 

These belong to the set Sfc 1 , where 

Su ~ { 2345 } all (It) [Part First, Art. 15] 

is the complete set of transformations through any one of which G^ is trans- 
formed into G$l. 

12. Under all other quadratic transformations the point It is critical; that is, 
it must be regarded as a pencil of directions which goes into a range of points 
on one of the fundamental sides. [Part First, Art. 12.] These transformations 
consist of 

(a) the remaining 18 in the set Sfi 1 . 

(b) all of the sets, tfjj 1 , (j ^= i— 2 5). 

In all, 3- 24 -|- 18 = 90. 

13. A pencil, It, is invariant under such transformations as permute among 
themselves its infinity of direction tangents. Evidently this will happen if, and 
only if, the corresponding point is fixed. 

As just shown, the point It is fixed under the linear transformations Gf and 
under the quadratic transformations of the set D^ 1 , and hence the pencil It is 
invariant under the linear subgroup, 

Gf~\jM\al\, 

and under the quadratic subgroup, 

G\l~{jM\ all \li\* 

This is in agreement with Part First, Art. 33, where the 4 pencils and 6 
sides were found to form a system of 10 conjugate elements under G m . 

The linear subgroup Gf, which plays an important role in the sequel, is 
also a subgroup of the quadratic group G^ , its transformations being the only 
linear transformations in that subgroup. 

* See foot-note to Part First, Art. 10. 
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The Complete Form- System for G$. Arts. 14-17. 

14. The linear subgroup G$ is protectively connected with Klein's collinea- 
tion group G it by the transformation* 



direct ; z 1 :z i :z 3 = x % + x 3 : x 3 + x x : x 1 + x% , 






inverse ; x 1 :x 2 :x 3 — — z x + z % -+- z 3 : z x — z 3 + a 3 : z 1 + z 2 - 
where £c x . . . . x 3 are homogeneous point coordinates ; or by the transformation-} - 

direct; z 1 :z % -.z 3 — yi — y^y^ — y^yi—y^ \ 

inverse; y x :y 2 :y 3 :y i = 3% — z, — z 3 : — z x + 3a a — z 3 J- (2) 

: — % — 3 2 + 3z 3 : — % — z z — z 3 , ) 

where y x . . . . y± are supernumerary homogeneous point coordinates. 

15. The complete form-system of invariants of Klein's collineation group (r 4 
consists of the elementary symmetric functions 

%%•> Syi^y*. n^, (»,;,J=1....4) (3) 

with the identical relation 

%i = 0. 

Hence, the complete form-system of invariants of G$ will be derived from that 
of Gn by applying the transformation (2) to the forms (3). The results are : 

P% = ^ViVj = — Q %4 + 42z 1 z 3 j 

— p 3 = Sy^y* = 82ssf — 82zf z 3 + lBz^sfe, V (4) 

p 4 = n^ = — ZZz\ + 4z?z a — 202zf z %Z3 + 142zf z| , ) 

where again %y ( = identically in the z's. 



*Part First, (5), Art. 7. 

t For the case 0' M , I introduce supernumerary coordinates conveniently in the form 

V\ -Vi -lla •Vi=~ as 1 + »a + a'«:»>i — ®i + <Bs :x 1 +x 2 —x 3 : — % —% l —% % , 
from which, in combination with (1), we derive (2). It thus appears that 

2jfc = 

identically in the «'s as well as in the x's. I thus have the y's related to the z's of Gff just as Professor 
Moore has related them's to the x's of G 4 1 . See his paper, " Concerning Klein's Group of {n +1) ! w-ary 
Collineations " (American Journal of Mathematics, vol. XXII, pp. 336-342, 1900). 
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In these forms put 

Xzi = p, Xz 1 z z = q, z 1 z 2 z 3 = r, (5) 



and they become 



jp 3 = — 2[3p>-2» 2 ] j 

-i>3 = 2 8 [ y — 2 2 _pg + 2 3 r] , V (6) 

^) 4 = —p [3j> 3 — 2*pg + 2 6 r]. ) 



16. The forms A, P 2 , (7, initially given as functions of the roots of the quin- 
tic, have been interpreted (a) as functions of the homogeneous coordinates of the 
transformations of the cross-ratio group G m , and hence of the subgroup G$, by 
the agreement (5), Art. 3 ; (b) as functions of the supernumerary homogeneous 
coordinates of the transformations of G it by virtue of the substitutions (9), Art. 4, 
since this is the same as (2), Art. 14 ; and (c) as rational integral functions of 
Pi , Pz, Ps, Pi by (12), Art. 5, and (15), Art. 10. 

Hence, by Art. 15, they are absolute invariants of G$. They may be further 
simplified by substituting in them the value of p%, p 3 ,pi from (6), Art. 15, and 
remembering that^j = 0, thus 

8 t A = 2pV — 2 • 3 ( p 3 r + q 3 ) + 1 9pqr — 3V 5 , (7) 

^P 2 = tftffi — 2 2 {p z r 3 + qW) + 2 • tfpqr 3 — 3 3 r 4 , (8) 

h 3 G = 2 2 • 5 2 pY»* — 2 • 3 3 • 23r 6 + 2 4 • 5 • 7 p 3 q 3 r 3 — 2 • 5 2 • 43p 9 'q 2 r i 

+ 2 • 3 2 ■ 157pgr 5 — 2 • 143 (p>qV + p\*r 3 ) — 217 (pV + jV) 
— 2 3 -73(p 3 r 5 +§V) + (_pV + p*qV) + 2-5-53(^V 4 +j) ? V 3 ) 
+ 2 • 5 2 (p'qr 3 +pq*r) — 2 2 (ph 3 + q 9 ) — 2 2 • 3 (p^r 2 +p 3 q B r) . 



(9) 



17. The form P 2 is of special interest later. 

In terms ofy 1 ....y i for the group G iu we have by (10), Art. 4, 

P y = n( yi -y 2 ) = *SA, (10) 

and in terms of z 1 z 3 for the group G$, by (7), Art. 3, 

P\ — z 1 z 2 z 3 (z Y — a 2 )(% — z 3 )(z 2 — z 3 ) , (11) 

in which latter the factors on the right give the six sides of the quadrangle [Fig. 
II, Part First]. 
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By well-known principles,* the linear homogeneous substitution group G ni , 
which is isomorphic with the symmetric permutation group on n letters, has one, 
and only one, fundamental relative invariant, namely, \/A, since (except for 
n = 4) it has one, and only one, self-conjugate subgroup Cr„j_. 

Since the index of this subgroup is 2, it follows that the only relative inva- 
riants under G n , (n=j= 4) must throw off the factor ( — 1). 

This conclusion, however, holds also for n — 4, since Gr 4! can be generated 

by transformations all of period 2, 

K', L', M', [Part First, (3), Art. 6.] 

so that if any primitive root of unity higher than the second could be thrown 
off, it would have to be built out of the factors (+ 1) and ( — 1), which is 
impossible. 

Hence, P y is the only fundamental relative invariant under G iU from which 
it follows that P z is the only such form under G$. 

Therefore, all relative invariant forms under G$ must be of the form 

P^ +1 -f(p„p 3>Pi ), (12) 

where / is a rational integral function. 

§3. — Characteristics op Invariants Under G m . 
Fundamental Notions and Definitions. Arts. 18-21. 

18. Since a quadratic transformation, when applied to any function of the 
z's, must double its degree, it follows that no such function can be invariant in 
the ordinary sense under G m . 

The only invariant form possible is a rational fraction such that, under any 
quadratic transformation of the group, a common factor (a function of the s's) is 
thrown off in numerator and denominator. 

Evidently, the degree of the numerator must be the same as that of the 
denominator and equal to that of the factor thrown off. 

19. Since a linear transformation does not change the degree of the function 
operated upon, it follows that numerator and denominator of an invariant frac- 
tion must each be an absolute or relative invariant under G$. 

* Weber, "Lehrbuch der Algebra," vol. II, p. 161-164. 
15 
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Such a fraction cannot have both terms relative invariants under G'H, for 
[Art. 17, (12)] it would have the form 

which reduces, according as jci<jc 2 , to 

m ■ p>( "~* ) -fr(p».ff». P*) 0Y (id <Pi(P2,Ps,Pi) 

MPZ'Pt'Pi) ' F^-^'toiPl.PBlPi)' 

in which both numerator and denominator are absolute invariants under 6r$. 
[Art. 16.] 

If, then, either numerator or denominator alone is a relative invariant under 
G$, the fraction will have one of the forms 

nm ^i11l$i(p^PiipA nv\ Mp^Pb^ 

K } fc(ft.A.l>«) ' * j P z *> + 1 <P>(p>,P s ,Pi)' 

Forms of the types (III) and (IV) will be considered at the end of the paper 
[Art. 52]. 

In the succeeding investigation, the forms considered for numerator and 
denominator of invariant fractions will be absolute invariants under Gfl, so that 
every such fraction will be of the type 

Qi(p»Ps> Pi) 



00 



fy(Pi,P3,Pi)' 



20. It follows at once that an invariant fraction cannot have its numerator 
and denominator of odd degree in %, s 2 , z 3 , for it would then have the form 

pT 1 + 1 -<Pi(Pz,plPi) 

pP +x -Mpz>pI,PiY 

since p 3 is the only fundamental invariant form of odd degree in %, z Z) z 3 under 
the linear subgroup Q$. 

But such a fraction, when reduced, becomes, according as x^x^, 

ryn Pl^'^-QiiPz'PlPi) or (Ym <Pi(P%> Pi Pi) 

1 ^ MP*,PhPi) ^ } Pl^MP^PlPi)' 

in which both terms are of even degree in z 1: z % , z s . 
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Thus, numerator and denominator of an invariant fraction must be rational, 
integral functions of p % , p\, p if and hence also of p , q, r, and, therefore, symmetric 
functions of 'z 1} z 2 , % owing to the relations (5) and (6), Art. 15. 

21. From these considerations come the following definitions : 

(a). An invariant under a quadratic operator of G m is a fraction whose nume- 
rator and denominator are rational integral functions of ' z x ,z % , z 3 such that it is trans- 
formed into itself by the operator, after throwing off a factor in the z's common to 
numerator and denominator. 

(b). An invariant under the Group G m is a fraction which is invariant under 
every one of a system of generators of the group, and so under every transformation 
of the group. For this purpose we use the generators of 6r^, 

iT~(34), Z~(23)(45), if ~ (46), 

and as the extender to G m , the quadratic inversion, 

T> ~ (12) , [Arts. 4, 28, Part First.] 

(c). Any homogeneous function of %, z 3 , z 3 , which is suitable to form the 
numerator or denominator of an invariant fraction as above defined, is called an 
invariant form. Evidently such a form may be composed of factors or terms,* 
each of which is a simpler invariant form. 

(d). Those forms by means of which all other invariant forms of the group 
can be rationally and integrally expressed, are called the system of fundamental 
forms, or the complete form-system of the group. 

Theorems on Invariant Forms. Arts. 22-25. 
Theorem I. 

22. The most general invariant form under Cr 120 is of degree 6n in z x , z%, z s 
and throws off the factor r* n under the quadratic generator T'. 

Proof. We denote by/ g (%, z z , z s ) any homogeneous function of degree s in 
z i> 'hi %> which is invariant under Cf m and investigate the value of s and the 
nature of the factor thrown off when f s is operated upon by the quadratic 
extender, 

T' ~ (1 2) ; z[ : z' % : z' 3 = z z z s : z x % : z x z % . (1) 

* In the case of invariant terms, of course all must have the same " throw-off. " 
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Thus we have* f g (z x , z 2 , z 3 ) T , =/ 2s (z 2 z 3 , %z 3 , % a 2 ) . (2) 

Since f s is an invariant form by hypothesis, some factor of degree * [Art. 18] 
in z x , z % , z 3 , must be thrown off, thus 

/&s( z 2 z 3> Z l z 3> % z 2) = /« (%' Zg» 2 3 )4) 4 (%, Zg, a 3 ) . (3) 

Now apply J" again to (3) and as the left becomes homogeneous of degree 
4s, we have 

(zAh) s -fs{zi, e», *»)=f,(*i, %, %)&(%, »ii 3 3 )<?> s (%, z 2 , z 3 ) r . (4) 

Hence, dividing by / s (%, z 2 , z 3 ), 

(% 2 2 %)*, = »*, = & ( z i . g a . z s) $s ( z i . z 2 . z s)z» • ( 5 ) 

Therefore, $ s (z l , z 2 , z 3 ) = r* (<<s) (6) 

and $ s (z lt a,, a 3 ) r , = r 2 '. (7) 

Substituting (6) and (7) in (5), 

(8) 

(9) 



[Art. 20.] 
(10) 

(11) 

Therefore, the general invariant form, B, is of degree 6n, and throws off the 
factor i 3,n under T. 

Theorem II. 

23. The most general invariant form may he decomposed into two factors, 

-^6» == P * ' "6 (re— 2n) > 

where (i equals zero or a positive integer and B 6 (n _ 2jll ) contains no factor of P. 

•For convenience, the operator is here written as a subscript to the operand. 







r 8 = nt, 


giving 




s= St. 


Then 




s = (mod 3). 


But 




s = (mod 2). 


Hence, 
Then from 


(6), 


s = (mod 6). 


from which it follows, 


t= 2». 
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Proof: The six factors of P are the six sides of the quadrangle n^. [(11), 
Art. 17.] Since these form a conjugate system under Gr$, and since B en is inva- 
riant in the ordinary sense under all transformations of 6r$, it follows that if E en 
contains any factor of P, it must contain every such factor, and if any of these 
factors are repeated all must be repeated equally often. 

Moreover, since we are considering only such forms as are absolute inva- 
riants under G$, such a factor cannot involve P to an odd power. [Art. 19.] 

Hence, B 6n contains as a factor either no factor of P or else P 3m . where (i is 
a positive integer. 

Theorem III. 

24. The curve B Sn = P^-J2, ( ._ w = 0, (1) 

has a multiple point of order 2 (n-\-(i) at each of the critical points \i, (i = 2 . . . . 5). 
Proof: Consider the two factors of (1). 

(a). P %v - fulfills all the conditions for an invariant form, namely : 

It is an absolute invariant under the linear subgroup G^. [Art. 16.] 
It is of requisite degree in z 1 , s 2 , z 3 ; that is, 6- 2[i according to theorem I. 
It throws off the proper factor under T', namely, r 8 ' a ", thus 

P% = [z\44 (z, - z % )\z, - z 3 )\z 2 - z 3 fY = r"\- P*». 

The curve P = 

is a degenerate sextic, having three branches through each of the points li, 
since it represents the six sides of the quadrangle IIx. [Art. 17.] Hence, 

has at each of these points a 6^-ple point, 
(b). Hence, the remaining factor 

must be an invariant form, since the product E 6n is such by hypothesis. That is, 

[-"'6(»-2»)Jr = r " '-^6(n-2n)' (2) 

From this it follows that the curve 

^6(»-3rt = ( 3 ) 

has the multiple points li each of order 2 (n — 2^) . 
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For if the curve (3) contains any of the points \i, it must contain all of them, 
since they form a conjugate system under G$, under which subgroup, of course, 
i2 6(n _ 2rt is invariant. 

25. That it does contain three of these points follows from the properties of 
the quadratic transformation T', whose critical points are the three coordinate 
vertices and whose critical lines form the triangle of reference [Art. 10, Part 
First], namely : 

Under T' a curve through one vertex goes into another curve through the 
same vertex and throws off as an extra factor the opposite coordinate side ; and, 
conversely, a curve under T' can throw off a coordinate side as a factor only 
when it contains the opposite coordinate vertex [special case of Art. 11, Part 
First]. 

Now (3) reproduces itself under T' and throws off the factor 

which contains all three coordinate sides. Hence the curve contains each of the 
coordinate vertices and, therefore, all four critical points as just shown. 

Since a curve passing once through each of the coordinate vertices throws 
off, under T 1 , precisely the factor r, in order to throw off r 2 ^ -2 ^, a curve must 
have 2 (n — 2^) branches through each vertex. 

Thus three (and hence all four) of the critical points are multiple points of 
order 2 (n — 2^) on the curve (3). 

Therefore, the curve (1) 

has each of these points as a multiple point of order 

[ 6/ « + 2 (« — 2^)] = 2 (n + <«). (4) 

§4. — Complete Determination oe B 6n eoe n = 1, 2, 3. 

General Forms of Degree 6, 12, 18. Arts. 26-35. 

26. The determination of the most general invariant forms of any given 
degree 6« suitable for numerator and denominator of invariant fractions, involves 
three steps. 
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(1). Set up the most general form of the given degree invariant under G$, 
involving arbitrary coefficients. 

(2). Apply the transformation T' by which G$ extends to G m . 

(3). Determine the arbitrary coefficients in such a way that the required 
factor, r a ", may divide out and leave the original form. 

27. For this purpose, all forms will be expressed in terms of p, q, r, since 
the application of T' to these is peculiarly simple, namely, 



(1) 




28. The most general invariant form of degree 6 under G$ is 

<hPl + a^Ps + a 3 PzPi, 
which may be expressed in terms of p, q, r in the following manner :* 

(1) (2) (3) (4) (5) (6) (7) 





p« 


p*q 


q s 


p s r 


pqr 


7 s 


pY 


— 2 s a a 


3 s 


— 2 3 -3 3 


— 2 9 











2 6 • 3 3 


+ 2% 


1 


— 2 3 





2 4 


— 2 6 


2 6 


2* 


+ 2a 3 


3* 


— 2 3 -3 a 





2 e -3 


— 2 9 





2 7 


Apply T' 


<f 


pq*r 


pV 


gV 


pqr 3 


r 4 


p z q z r z 


Divide by r 2 


• • 





p s r 


<? 


pqr 


2*2 


p z q* 



*In each case the form is written in a rectangular array with the original letters at the top, those 
resulting from the application of T' next to the bottom, those left after dividing all terms possible by 
r 2 " in the bottom row, while the arbitrary coefficients occupy the column at the left and the numerical 
coefficients are written in the body of the array. 
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The conditions to be met are — 

(l). The new form must throw off r 2 . 

(2). The resulting quotient must be the same as the original form. 

In order to meet these conditions, 

(a). The coefficients of p 6 and p*q must vanish. 

(b). The coefficients of like terms in the original and resulting forms may 
be equated [r 2 having been divided out]. 

These give only two independent relations, 

2 2 -3 3 a 1 — 2 5 a s — 3 2 a 3 =0, 
2 5 a 1 — 2 3 a 2 — 3a s = 0. 

From which a^a^: a 3 — 6 : 9 :40. 

Hence the most general invariant of the 6th degree is proportional to 

2-Spl+sy 3 +2 s -5p iPi . (2) 

This is precisely the form A derived from the quintic. [(12), Art. 5.] 
Its value in terms of p, q, r may be read from the table 

$ A = 2pY —2-3 (p 3 r + q 3 ) + 1 9pqr — 3 V, (3) 

thus agreeing with (7), Art. 16. 

29. The most general invariant form of degree 1 2 under Q$ is 

hpl + hpi + b 3 pl + o&tpi + \p% + bsplpl + b,p z pl Pi , (4) 

which, in terms of p, q, r in rectangular array, is 
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(i) 


(3) 


(3) 


(4) 


(5) 


(6) 


(7) 


(9) 


(9) 




pa 


p 8 q* 


p w q 


p s q3 


p 9 r 


p 1 qr 


5V 2 


p^T 3 


pZqb 


+ 2% 


3 6 


2 6 -3 5 -5 


— 2 4 -3 6 


— 2 u -3 3 -5 














— 2 16 • 3 2 


+ 2% 


1 


2 5 -3 


— 2 4 


— 2 8 


2 5 


— 2 7 -3 





2 11 





~h 


3 3 


2 8 -3 2 


— 2 4 -3 3 


_ 2 12 


2 6 -3 3 


— 2 u -3 2 











— 2% 


35 


2 7 -3 3 -7 


— 2 4 -3 5 


— 2 13 • 3 2 


2 6 -3 4 


— 2 n -3 3 








— 2 16 


-2\ 


3 3 


2 4 -3 2 -19 


— 2 4 -3 3 


— 2 7 -67' 


2 4 -3 3 


— 2 6 -3 4 


— 2 15 





_2 13 


+ 2 2 6 6 


3 4 


2 6 -3 2 -13 


— 2 4 -3 4 


— 2 u -3 3 


2 7 -3 3 


— 2 12 -3 3 











+ 2\ 


3 2 


2 4 -53 


— 2 4 -3 3 


— 2' -17 


2 4 • 3 • 7 


— 2 6 -59 





2 12 -3 





Apply 

r 


q n 


p*q s r* 


pq 10 r 


T) O V 


Q%if3 


pq^r 3 


pty 


q 3 r e 


pt'q^r' 


Divide 

by r 4 










.... 




pZ r 3 


O T 


p>(^ r 



(10) 


(11) 


(13) 


(13) 


(14) 


(15) 


(16) 


(17) 


(18) 


(19) 


p*qr 


p i qr 2. 


pq 4 r 


2 6 


p$ r 2 


pqr 3 


4 4 

P Q 


p 2 gV 


p 3 q 3 r 


r 4 











2 18 








2 13 -3 3 -5 











2 9 -3 


— 2 10 -3 








2'- 3 


— 2 13 


2 8 


2 n -3 


— 2 11 


2 u 


2 14 -3 


— 2 16 -3 








2 12 -3 2 

















213.33 





2 18 











2^.33 





— 2" • 3 





2 9 -3 2 -5 


_2 9 -3 3 


2 15 





2 6 -3 3 





2 10 -13 


2 12 -3 2 


— 2 11 





2 13 -3-5 


— 2 16 -3 








2 12 • 3 2 





2 u 


2 18 


-2" 





2 9 -3 3 


— 2 9 • 7 2 








2 6 -319 


— 2 15 


2 n 


2 13 -5 


— 2 U 





p2q$ r i 


pq 4 r 5 


p 4 qr 6 


p*r® 


3V 4 


pqr 1 


p 4 q 4 r 4 


p^qV 


p 3 q 3 r > 


y»8 


p 2 q 5 


pq 4 r 


piqiS 


p*r* 


2 8 


pqr 3 


p 4 q* 


p i qV 


p 3 q 3 r 


r 4 



16 
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30. The conditions to be met here are — 

(a). The coefficients of terms (1) to (6) must vanish. 

(b). The coefficients of term (7), (8); (9), (10); (11), (12); (13), (14), must 
be equal in pairs. 

(c). The coefficients of terms (15 to (19) are the same in the old and new 
forms, and hence give no relations. 

There are then 10 relations, which are not all independent, but readily 
reduce to the following 7 equations : 



h 


h 


h 


h 


h 


h 


6, 


2 6 '3 6 


+ 2 1S 


— 3 3 


— 2 4 '3 5 


— 2 9 -3 3 


+ 2 a -3 4 


+ 2' • 3 3 = 


2 4 '3 5 


+ 2 9, 3 


-3 2 


— 2 3 -3 3, 7 


— 2 5 -3 3 -19 


+ 3 S -13 


+ 2 3 • 53 = 


2 5 ' 3 5 • 5 


+ 2 8 


— 1 


— 2 5 -3 3 


— 2 4 '67 


+ 2-3 3 


+ 2 2 -17 =0 


2 u 


— 2' -3 


+ 3 3 





+ 2 3 -3 3 


— 2 3 • 3 3 


— 2-3-19 =0 





+ 2 5 


— 1 





— 2 6 





+ 2-3 =0 


2 8. 3 2 


+ 2 7 '3 


— 3 


— 2 3 '5-7 


— 2 4 -61 


+ 2-3-5 


+ 2 a • 3 3 =0 





— 2 6 -3 


+ 3 


+ 2 6 


+ 2 3 -7'13 


— 2 3 -3 


— 7 2 =0 



\ 



(5) 



/ 



31. Two invariants of the 12th degree are already known, P 3 [Art. 24], 

and A 2 [Art. 28]. 
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p% 


4, 

Ps 


pt 


PiPi 


Plpl 


PiPi 


2*»JP8.P« 


J2— 23.32 

P 2 = 


+ 3 4 
— 3 3 




+ 2 8 


+ 2 5 • 3 • 5 
+ 2 4 


_j_ 2 2 • 3 3 

— 2 2 


+ 2 6 • 5 3 
— 2' 


+ 2 4 • 3 a • 5 
-f 2* • 3 3 


h 


h 


h 


h 


65 


*>6 


h 



(6) 



must each satisfy the above system of equations. This is easily verified. There- 
fore, there exists an infinity of solutions of the system (5) of the form 



m x A 2 + fn% P % 



(7) 



where n\ and m % are arbitrary parameters. Hence, all the first minors in the 
determinant of (5) must vanish, as well as the determinant itself. If, now, any 
second minor does not vanish, then no solution exists other than those included 
in the form (7). The second minor obtained by omitting the 5th and 7th columns 
and the 1st and 2d rows is easily shown to be different from zero. 

Hence, all invariant forms of the 12th degree are included in the form (7). 



32. The most general form of degree 18 invariant under G$ involves 12 
arbitrary constants, thus 

cipl + c z p\ + Csplpl + Ciplpl + c 5 p\p\ + c.plpi + c^lpl + c s plpl 

+ %PzPt + CioPzPtPi + G nPiplPi + CisPlplpl- (8) 
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When expressed in terms of p, q, r in the rectangular array, this becomes 

(1) (3) (8) (4) (5) (6) 





_pie 


p"q 


p^r 


p u q* 


jpV 


P^l* 


— 2»Cx 

+ 2 1S C3 

— 2 6 c 4 

— 2 15 c 5 
+ 2% 

— 2 5 c 7 
+ 2% 

— 2c 9 

— 2% 

— 2% 
+ 2% 


3 9 

1 

3 6 

3 8 

3 3 

3 8 

3 7 

3 6 

3 5 

3 s 

3 5 

3 4 


_2 3 '3 10 
— 2 8> 3 

— 2 8 '3 7 
— 2 8 -3 4 
— 2 8 -3 4 
— 2 8, 3 9 
— 2 3 -3 8 

— 2 8 -3 7 
_2»-3 6 
—2 s -3 s 

— 2 s -3 6 
—2 s • 3 B 




2 4 -3 

2**3 6 

2 4 '3 3 -5 

2 5> 3 3 

2*«3 7 

2 7 -3 6 
2 6. 3 6 

2 8 -3 4 
2 6 -3'5 
2* • 3 4 • 7 
2*'3 3 '11 


2 8. 3 9 

2 4 '3-5 
2 4 -3 5 -47 

2 4 • 3 a • 43 

2 5 • 3 3 • 23 
2 6 '3 6 '5-7 

2 7 '3 5 -17 

2«-3 6 -ll 
2 n. 3 3 

2 B -67 

2 4 '3 3 -137 

2 4 '3 s -7-19 


— 2 u -3 7, 7 
— 2 8 '5 
— 2 9 .3 5> 5 
— 2 8 -5'23 

— 2 9 -73 

— 2 9 '3 B -7'11 
— 2 10 *3 4 -5-7 

— 2 9 '3 B, 7 
— 2 la • 3 2 • 7 
— 2 10 '11 

— 2 8 '3**143 
—2 s • 3* * 43 



2«-3'5 
2 6 *3 6 

2 6 • 3 8 • 5 • 23 
2 7 '3 4 



2 ia. 3 5 

2 12. 3 5 
2 13. 3 4 

2 7 • 3 ' 5 a 

2 6 -3 14 *19 
2 e . 3 s . ygs 


Apply 
T' 

Divide 

by r 6 


q 1 * 


pq™r 


qXr 9 


i>yv 


pSglZ^S 


gViyi 
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(7) 


(8) 


0) 


(10) 


(ID 




^ 10 2* 


p 8 q 5 


p 13 qr 


jpllgr2 r 


p^qr* 


— 2% 


2 13 -3'-7 


— 2 16 • 3 6 • 7 











+ 2 18 c a 


2 8 • 3 • 5 


— 2 u -3 


— 2 6 '3-5 


2 9 • 3 • 5 


— 2 10 • 3 5 


+ 2 12 c 3 


2 io . 33 . 5 . 29 


— 2 20 • 3 3 


— 2 6 -3 6 '5 


2 is . 35 


— 2 io • 36 


— 2% 


2 i2. 17 


— 2 16 


— 2 6 -3 2 -71 


2 u -3'47 


__ 2 io. 3.7.43 


— 2 15 c B 


2 8 '491 


— 2 U • 3 • 41 


— 2' • 3 3 ' 5 


2 9 -3 3 '31 


— 2 U • 3 4 


+ 2\ 


2 I8 -3 5 -5'7 


— 2 1B '3 3 '7-13 


2 9 • 36 . 7 


2 12 • 3 6 • 7 





— 2 B c, 


2 12 - 3 s - 5 -17 


— 2 1B '3 2 -61 


— 2 10> 3 5 -7 


2 1B • 3 4 * 5 


— 2 1B • 3 4 • 5 


+ 2 3 c 8 . 


2 13 -3 3 -ll 


— 2" • 3 3 


— 2 9 • 3 5 • 7 


2 12 '3 4 -19 


— 2 15 • 3 4 ' 5 


— 2c 9 


2 1«. 3 2 


— 2 19 


— 2 n '3 3 -7 


2 15 . 34 


— 2 16 • 3 3 • 5 


- 2 13 c 10 


2 8 • 3 • 43 


_2 u -5 2 


— 2 7 • 73 


2 9 • 3 • 47 


— -2 U -71 


- 2% 


2" -3 s -59 


— 2 15 -5'13 


— 2 6 -3 3 -7-ll 


2 ii • 33 . 52 


— 2 10 -3 3 '53 


+ 2 8 c la 


2 io . 277 


— 2 15 - 13 


— 2 6 -3 2 -157 


2 12 '3'5-11 


— 2 10 ' 3' 11 -41 


Apply 


piq^r* 


p5^8 r 5 


pq^r 3 


p^q 11 ^ 


pq w r* 


Divide 

by r 6 
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(12) (18) (14) (15) (16) (17) 



(18) 





p*q s r 


<f 


/yyt/y& 


p*r 4 


gV 


piqi 


p 1 q i r 


— 2 9 Cl 





— 2 37 











— 2 23 • 3 4 





+ 2 18 c 2 


— 2 u -3-5 





2 u -5 


2 12 • 3 • 5 








2 1S • 3 • 5 


+ 2 13 c 3 


— 2 12 -3-5-17 


6 








2 24 


— 2 20 '11 • 


2 16 • 3 4 • 5 


- 2% 


— 2 14 -5-ll 





2 ls '5-47 


2 is . 52 








2 20 


— 2 15 c 5 


— 2 u -5-61 





2 n . 33 


2 12 • 3 3 





-2" 


2 14 -3'31 


+ 2 7 c 6 


— 2 15 -3 4 -5'7 














_ 2 21 • 32 • 5 


2 18 • 3 • 5 • 7 


— 2 5 c 7 


— 2 17 -3 4 '5 














_2 33 


2 19 ' 3 2 • 5 


+ 2% 


_ 2 i5. 3 3. 5 2 





2 M • 3 3 











2 32 . 32 


— 2c 9 


— 2 19 -3-5 





2 30. 3 2 


2 24 '3 








2 23 


- 2 13 c 10 


— 2 n -3 3 '5 





2 U • 3 2 • 5 


2 12 '3'5-7 








2 19 


-2% 


— 2 13 -3'5-47 





2 12 . 34 








_2 20 


2 16 -5'41 


+ 2 8 c 12 


— 2 ia -5-TT 2 





2 13 -3 2 '11 


2 ia . 33 








2 18 '17 


Apply 


fWrfi/Jo 


fjV 


gV 


3V 8 


p« r w 


piq^r* 


piqW 


Divide 

by r 6 




pV 


q* 


gV 


p« r i 


piq^r 


pty 1 
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(24) 





p 3 r* 


qfr* 


p2q8 


p^r* 


piqr 8 


pq'r 


— 2% 








224.3s 











+ 2 18 c a 


2 16 -3 








2 U • 3 8 • 5 


— 2 18 -8-5 





+ 2 K c 8 








288 


2 12 . 36 . 5 





— 2 s4 


— 2«c 4 


2 s * 








2 m .38-29 


— 2" • 67 





— 2 15 c 5 





— 2 21 





211.38. 19 


— 2 18 *3 4 





+ 2'c, 








2 86 








— 2 M 


— 2 5 e 7 











2 i» . 38 . g 








+ 2 3 c 8 











2W.36 


— 2* 1 • 3 s 





— 2c 9 











2 28. 3 8 


— 2 s8 • 3 8 





- 2% 


2 18 -3 








2 u -3-7'19 


— 2 18 • 3 • 41 





- 2% 











2 18 '3 4 '13 


— 2" -3 s 





+ 2 8 c 12 











2 18 *5 -353 


— 2 W • 3 • 5 





Apply 
2* 


gV° 


p9 r i 


j?q a r t 


p*qPr* 


pq'r' 


p'qr 9 


Divide 
by r* 


gV 


jp 3 r 


iptqfr* 


ft 


jpq'r 


piqr 3 



122 



Slaught : The Gross-Ratio Group of 1 20 Quadratic 

(25) (26) (27) (28) (29) (80) (81) 





j> 6 2 3 r 3 


p s q s r 


W f; y 


p2g!> r 2 


p*qr* 


pq^r z 


y.6 


— 2 9 Cj 























+ 2 18 c 2 


— 2 U • 3 • 5 





2 15 • 3 • 5 





— 2 15 • 3 • 5 





2 18 


+ 2 12 c 3 


— 2" -3 3 • 5 


2 23 >5 





— 2 s2 • 3 s 











— 2% 


— 2 18 • 5 2 





2*0. 19 





_ 2 22 - 7 








— 2 15 c 5 


— 2 U • 3 • 67 


2 ao 


2 ie . 32 . 5 


— 2 20 • 3 


_ 2 15. 3 3 


2 22 





+ 2V 





2 M • 3 • 7 

















— 2 5 c 7 


— 2 M • 3 2 * 5 


2 26 





— 2 27 











+ 2 3 c 8 


_ 2 S1 • 3 2 ' 7 





2 24 . 33 














— 2c 9 


— 2 U • 3 





2 37 





— 2 27 








- 2 13 c 10 


— 2 U '3-41 





2 le -5-ll 





— 2 15 -89 








- 2 10 c n 


_ 2 28 . 3 


2 23 


2 u. 3 3 


— 2 22 • 5 





2 24 





+ 2% 


— 2" ' 5 3 





2 19 . 47 





— 2 22 -3 








Apply 
T 


jpPq^r 1 


p 6 g 3 r 8 


p z q*r e 


cfpQ^rp* 


pq 4 r 9 


piq r io 


r 12 


Divide 
by r 6 


p 8 q*r 


ptq^r* 


pPqV 


joPqV 


pq*r s 


ptqr* 


ij$ 



Cremona Transformations of the Plane. 



123 





(32) 


(33) 


(34) 


(35) 


(36) 


(87) 




jpV 


pSq^r 


p^r 2 


p3q3y3 


p2qt r i 


pqr s 


— 2\ 


2 80 . g4 . 7 

















+ 2 ,8 c 3 


2 tt 


— 2 14 • 3 


2 u -3-5 


— 2" • 5 


2 16 • 3 ' 5 


— 2 18 • 3 


+ 2 12 c 3 


2" '211 


— 2 18 '3 2 - 19 


2 18 • 3 • 5 











— 2 6 c 4 




















— 2 15 c 5 


2 14 -17 


— 2 17 • 3 • 5 


2 17, 3- 13 


— 2 ,9 -ll 


2 18 . 32 





+ 2 7 c 6 


2 is . 32 . 72 


— 2 al ' 3 3 • 7 














— 2 5 c 7 


2 21 . 32 


— 2 32 -3-ll 


2 24 . 3 . 5 











+ 2 3 c 8 


2 21 


— 2 23 • 3 


2 25. 3 


— 2 27 








— 2c 9 




















- 2 13 c 10 


2 15 


- 2" • 3 


2 18. 7 


— 2 s2 


2 19 . 32 


— 2 21 


- 2% 


2W.5.7 


— 2 18 -3 2t 7 


2 18 • 139 


— 2 23 -3 








+ 2 8 c 13 


2 18 


— 2 2fl -3 


2 20t 13 


— 2 23 • 3 


2 24 





Apply 
T 


p6^6 r 6 


p*qV 


piqty 


<p 8 q s r 9 


p2q2 T v> 


pqr 11 


Divide 

by r 6 


pV 6 


jfq^r 


^ofi 5. 


TfOT 


ptq2 r i 


pqr 5 



17 
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33. The conditions in this case are — 

(a). The coefficients of terms (1) to (12) must vanish. 

(b). The coefficients of terms (13) to (30) must be equal in pairs; that is, 

(13), (14); (15), (16); .... (29), (30). 

(c). The coefficients of terms (31) to (37) are the same in the new form as 
in the original, and hence afford no relations. 

These conditions give rise to 21 relations among the 12 c's. This system 
reduces readily to the following 16 equations: 





<h 


c% 


c 3 


c 4 


<- ? 5 


c 6 


(1) 


2 8 '3 9 


— 2" 


— 2 U • 3 6 


-f- 2 5 • 3 3 


+ 2 14 • 3 3 


— 2 6 • 3 8 


(2) 





+ 2 13 


+ 2 7 • 3 5 


— 2-3 2 -5 


— 2 11 • 3 2 


+ 2 4 • 3 6 


(3) 


2 8 • 3 ? * 7 


— 2 14 -5 


— 2 8 -3 3 - 157 


+ 2 2 • 5 -.23 


+ 2 12 -73 


— 2 4 • 3 5 • 7 • 1 1 


(4) 





+ 2 ,2 -5 


4- 2 6 • 3 5 


— 3-5-23 


_ 2 io . 33 





(6) 


2 7 • 3 6 • 7 


— 2" • 3 


— 2 U • 3 2 


+ 2 4 


+ 2 8 • 3 • 41 


— 2 4 -3 3 -7- 13 


(6) 


— 2 6 • 3 7 • 7 


+ 2 10 -3-5 


+ 2 6 • 3 3 • 5 • 29 


— 2 2 -17- 


— 2 7 -491 


+ 2 3 • 3 5 • 5 • 7 


(7) 





— 2 K • 3 • 5 


— 2 6 ' 3 6 


+ 3-7-43 


+ 2 10 -3 4 





(8) 


— 2 18 


+ 2 11 • 5 





— 5-47 


— 2 8 • 3 3 





(9) 





+ 2 6 • 3 ' 5 


— 2 la 


— 5 3 


— 2 3 • 3 3 





(10) 


— 2 8 • 3 4 


+ 2 6 • 3 • 5 


+ 2 4 *7-83 


— 2 3 


— 2 5 -101 


4- 2 • 3 2 • 5 • 29 


(11) 





+ 2 4 '3 





— 1 


— 2 6 





(12) 


2 13 . g3 


4- 2 9 • 3 2 • 5 


+ 2 4 -191 


— 3 2 * 29 


— 2 6 '3 3 -19 


— 2 12 


(13) 





— 2 8 • 3 • 5 


+ 2 13 


+ 67 


+ 2 5 • 3 4 


+ 2 11 


(14) 





— 2 8 • 3 • 5 


— 2 6 -5' 7 -13 


+ 5 S 


+ 2 5 -5-53 


— 2' ' 3 • 7 


(15) 





— 2 7 • 3 • 5 


+ 2 8 • 3 3 


— 19 


— 2 5 -3-31 





(16) 





— 2 5 -3-5 





+ 7 


+ 2 2 -5-31 
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C» 


<k 


% 


C 10 


C11 


C 12 


(1) 


+ 2 4 • 3' 


— 2 2 • 3 6 


+ 3^ 


— 2 13 • 3 2 


+ 2 9 • 3 5 


— 2 7 ■ 3 4 


= 


(2) 


— 2 3 • 3 8 


+ 3 5 


— 3 3 


+ 2 9 -5 


_ 2 s • 33 • 7 


+ 2 3 • 3 2 • 1 1 


= 


(3) 


+ 2 3 -3 4 -5-7 


— 3 5 '7 


+ 2 • 3 3 • 7 


— 2 U -11 


-}- 2 6 -3 2 '143 


— 2 4 -3 3 -43 


= 


(4) 


— 2 5 • 3 4 


+ 2 3 • 3 4 


— 2 2 • 3 3 


+ 2 8 • 5 2 


— 2 4 '3 3 -19 


+ 2 2 . 3 • I3 2 


= 


5) 


+ 2 3 -3 2 -61 


— 2 3 • 3 3 


+ 2 2 


— 2 6 • 5 2 


+ 2 T -5- 13 


— 2 5 -13 


= 


(6) 


— 2-3 3 -5'17 


+ 3 3< 11 


— 2-3 2 


+ 2 5 • 3 • 43 


— 2 B -3 3> 59 


2 2 • 277 


= 


(7) 


+ 2 4 '3 4 .5 


— 2 3 -3 4 '5 


+ 2-3 3 -5 


— 2 8 '71 


+ 2 4, 3 3 -53 


— 2 3 • 3 • 1 1 • 


41 = 


(8) 





+ 2 3 • 3 3 


— 2 3 • 3 2 


+ 2 6 -3 3 '5 


— 2 4 • 3 4 


+ 2 3 -3 3 -ll 


= 


(9) 








— 2-3 


+2-3-5-7 





+ 2 2 • 3 2 


= 


(10) 


— 241 


+ 2-3 8 


— 1 


+ 2 8 


— 2 2 -13-17 


+ 2 3 -17 


= 


(11) 











+ 2-3 








= 


(12) 


— 2 4 • 3 3 • 5 


_|_ 2 2 • 3 5 


_ 2 3 . 32 


+ 2 4 -3-7-19 


— 2 3> 3 4 -13 


+ 5 • 353 


= 


(13) 





— 2-3 3 


+ 2'3 2 


— 2 3 -3-41 


+ 2 4 ' 3 3 


— 2 4 • 3 • 5 


= 


(14) 


+ 2 3 ' 61 


_ 32.7 


+ 2-3 


— 2 3 • 3 • 41 


+ 2" 


— 2-5 3 


= 


(15) 


— 2 6 


+ 2-3 2 


— 2 3 


+ 2 3 -5-ll 


— 2 3 -67 


+ 2-47 


= 


(16) 








+ 1 


— 89 


+ 2 6 


— 2 2 -3 


= 
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34. Two invariant forms of degree 18 are already known, A s and J.P 2 , and 
since these depend upon two of the forms derived in (7), (8), (9), Art. 16, it is at 
once suggested that the third form G, which is of degree 18, may also belong 
to this system. [See (15), Art. 12.] 

In fact, it is easily verified that the 16 equations are satisfied by these three 
forms : 



Cl 


c* 


c 3 


c 4 


% 


c 6 


A* = + 2 3< 3 3 
AP*= 

G= — 2 2 


+ 3 6 

— 3 5 

— 2'3 3 --23 


_|_ 2 2 . 3 5 

— 2 3 -3 

— 2*17 




+ 2 8 • 3 2 
— 2 7, 151 


+ 2-3 6 

— 2-3 3 ll 

— 2 3 -73 


+ 2 5 • 3 3 • 5 

+ 2 5 -3 
— 2 6 


pi 


pi 


p\p\ 


p\pl 


P\P\ 


PlPi 



c 7 


c 8 


c 9 


C 10 


Cn 


C 12 


+ 2 7 .3 3 -5 8 
— 2 7 
+ 2 7 


+ 2 9 • 5 3 

— 2 9 .7 

— 2 10 -13 



+ 2 n '5 
+ 2 10 '5-11 


+ 2 3 • 3 5 • 5 
+ 2 3 • 3 3 
+ 2 4 • 3 3 • 5 2 


+ 2 5 -3 4 *5 
+ 2 4 ' 53 • 
+ 2 3 -3 3 


+ 2 6 • 3 3 • 5 3 
+ 2 9 • 3 2 
+ 2 5 -7'll 


p\ p\ 


pi pi 


Pi pi 


P%P\Pi 


piplPt 


plplpl 



(9) 



35. It follows that an infinity of solutions of the above system of equations 
exists of the form 

m l A 3 + m z AP 2 + m 3 G, (10) 

where the m's are arbitrary parameters. 



Cremona Transformations of the Plane. 127 

Hence, all determinants of the 12th order in the matrix of the coefficients 
must vanish and also all the first and second minors of these. A third minor, 
however, is easily found which does not vanish, namely, by depleting the first 7 
rows and the 2d, 5th and 10th columns. Thus, no solution exists other than 
those included in (10). 

Therefore, the only invariant forms of degree 18 are included in the general 

form. 

m. x A s + m % AP* + rn, s C. 

§5. — The System op Fundamental Invariants. 

Invariants of the Linear Groups Gf. Arts. 36-38. 

36. It has been shown that each of the pencils li (i = 2 .... 5) is invariant 
under a dihedron group (?". [Art. 13.] 

The known* complete form-systems of these subgroups will now furnish the 
means of determining the system of fundamental invariants for G m . 

These auxiliary systems may be read by the group properties already shown 
in the configuration n, Fig. X, Part First. 

It will be sufficient to deduce the system for one pencil, say at the ver- 
tex 13. 

The three conies 13 ■ 24, 13-25, 13 • 45 

are permuted under the dihedron 

<?J 3 ~{245} all. 

Hence, this group must also permute among themselves those directions in the 

pencil 13 which are given by the corresponding tangents to these conies at that 

point, 

z 1 — 2z i =0,\ 

2 Zl — 33=0, V (1) 

3i -f a 2 = 0.J 

The product of these tangential quantics is, therefore, one of the cubic invariant 
forms under Gf, 

f 1= -24 + 3 (<fc + zi4) - 24 (2) 

•Klein, " Ikosaeder," Kapitel I, 39. 
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The other cubic invariant is the product of the three sides of the quadrangle rLj 
which pass through the point 13, 

/, = ajab — *i4- ( 3 ) 

37. In order to find the quadratic invariant under Gf, we take the inva- 
riant conic belonging to the fundamental system of G$ [Art. 14], 

p s = — SXz\ + 2XziZ, = (4) 

and find the tangents to it from the point 13, namely [Art. 46, Part First], 

u\ + z 2 = 0.1 

The product of these tangential quantics is, then, the quadratic invariant form 
of G 13 

A = 4~^ + 4- (6) 

This follows since, under Gf, the point 13 is fixed and the conic is fixed, so that 
the tangents must be either, fixed or permuted, making their product an inva- 
riant. Since there is only one quadratic invariant under Gf, it must be/ 3 thus 
determined. 

In like manner the systems may be found for the other pencils and their 
groups. 

38. It will be seen that the above forms /i,/ 2 ,/ 3 correspond to Klein's 
forms F lf F it F 3 in the following manner : 

*i n Ft i m 

A -3 3 /! 2*/! J 

so that the identity* holds 

F?-Fi-F$=f? + 3 S /|- 2 2 /| = 0. (8) 



For the point 13 we have 

A = 4 (4 + 4) - 12 (sfo + *A) - 3 (44 + 44) + ™44, 

fi= + (44 + 44) -H4, } (9) 

/$= (4 + 4)- s(4s» + zi4) + g(44 + 44)-744- 

From (9) we see at once that (8) holds. 



) 



* Klein, " Ikosaeder," p. 49. 
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The only remaining type-form of the 6th degree under Gf is 

fj* = - 2 (z\z 2 — z,4) + 5 (44 — 44) * 

which alone is non-symmetric in %, z % . 
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(10) 



Relation of A, P 2 , G to /i,/„/ 8 . Arts. 39-47. 

39. It has been seen by theorems I, II [Arts. 23, 24] that every invariant 
form under G m may be reduced to 

-*%» ~— ■» ' -"6 (n — 2m) ' 

and that it has at each of the critical points a multiple point of order 2 (n + fi) . 
For the forms already considered the parameters, n and (x. have the follow- 
ing special values : 





n 


V- 


2(n + p) 


A 


1 





2 


A 2 


2 





4 


A s 


3 





6 


pz 


2 


1 


6 


AP 2 


3 


2 


10 


G 


3 





6 



40. Consider the sextic curve 



(1) 



A = o, 



(2) 



•See Art. 46. 
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The product of its tangential quantics at 13, one of its double points, is the 
binary quadratic invariant for that point. For 

.4=0 

is fixed, and the point 13 is fixed under the linear group Gf. Therefore, the 
two tangents are either fixed or permuted, and their product is the quadratic 
invariant / 3 , since only one such form exists under Gf. 

In this sense the ternary form A is said to correspond to the binary form f, 
and since A is the only ternary invariant form of the sixth degree, the correspondence 
is one to one. 

If, however, the second polar of (2) with respect to the vertex 13 be formed, 
f 3 is found to carry a numerical factor, thus 

,1-2/3. (3) 

41. The correspondence is very different in the case of the degenerate curve. 

P 2 =0, (4) 

which represents the six sides, each taken twice. The product of these at 13 is 
exactly fg, so that 

P 2 ~/f. (5) 

Whereas, the other 12th degree form A % gives the correspondence 

^ 2 ~2 2 /f. (6) 

This illustrates theorem III [Art. 24], showing how the factor 

P 2 * in the form B Bn , G« =£ 0) 

raises the order of the multiple point by 2(i on account of the degeneracy of the 
curve (4). 

For this reason the correspondence (5) is not one to one, since /| may go 
equally well with some form of degree 18. See (10), Art. 43. 

42. In order to find the binary correspondent to the curve 

<?=0, (7) 

we form the 6th polar of (7) with reference to the point 

13; 0:0:1. (8) 
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For this purpose the following remarks are useful : 



(a). £=!,& = - ' dT 



dz t ~*' d^ i ~ Zi + Zk ' d^~ ZjZk ' 
(*,/, h=l, 2, 3). 
(b). At the point (8), 

<p= 1 , g , = 0, r= 0. 

(c). Neither the factory" nor any of its derivatives below the (a + l) st can 
cause any term to vanish. 

(d). The factor q p or any of its derivatives up to and including the (3 th , 
save one, 

will cause all terms to vanish in which it may occur. 

(e). The factor r y or any of its derivatives up to and including the 2y th , save 

one, 

3*y r v 

will cause all terms to vanish in which it may occur. 

(f). Hence, the A, th derivative of a term, p a q^r y , will vanish for the point, 
0:0:1, unless 

(3+2y<%. 

43. Applying these principles to the curve (9), Art. 16, we see at once that 
every term has 

i#+ 2j/<5. 

Hence, the first five polars must vanish. But for X, = 6 there are two terms 
whose sixth derivatives do not vanish, 

— 2 2 j> 9 r 3 and p s qV. 

Determining from these the sixth polar, the product of the tangential quantics at 
the sextuple point 13 of (7) is found to be 

z\z§- 244 + 44- (9) 

This is a perfect square, and is precisely the dihedron form /|. [(9), Art. 38.] 
18 
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Therefore, the curve (7) has three cusps at the point 13, and hence the same 
also at the other three critical points. 

Thus we have C~/l- (10) 

This may be called the normal correspondence between /| and a ternary form of 
degree 18, while that between /| and P 2 of degree 12 exists only because (4) breaks 
up into straight lines through the critical points. 

44. It remains to discover the ternary form to which ff corresponds. From 
the identity (8), Art. 38, we derive 

2/ 1 3 =2y|-2-3 3 /|. (11) 

From (3) and (10), 

A 3 — 2 • S 3 G ~ 2 3 /| — 2 ' 3 3 /|. (12) 

Calling the left of (12) G', we have 

C"~2/?. (13) 

45. The above results may be made more general as follows : 

Theorem IV* 

If the ternary forms a, (3 correspond to the binary forms a,b of degree %, (i, 

then the product 

a/3 ~ ah 

and the sum a + /? ~ a, o or a + 6, 

according as ^<C|«, >ft w =|t. 

The proof follows directly from the principles of higher plane curves, since 
the correspondence in question is determined by finding the lowest non-vanishing 
polar of each curve with respect to the given point. 

By this theorem a more general form than G corresponds to /|, namely, 

G+$AP*~fZ, (14) 

where 8 is an arbitrary constant. 

Here the binary correspondent of G, which is of lower degree than that of 
AP % [Art. 39, (1)], prevails also for the composite form. 

* The chief theorems are numbered consecutively. See Arts. 22, S3, 24. 
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Likewise C [(12), (13)] may be generalized, for if we put 

A 3 —2-3 3 C+UP z =C", 

we have G" ~ 2/f. 



(15) 



46. Theorem V. 

No invariant form under G m can correspond to any binary form which involves 
odd powers of the cubic forms f x , f t . 

Proof: If an odd power of either f x or/ 3 alone is involved, then the form is 
of odd degree. This is impossible, since the degree of the binary form must 
equal the order of multiplicity of the point in question, which is always 2 (n + (i) 
according to theorem III, Art. 24. 

If an odd power of the product only, ff , is involved, the form is then of 
even degree, but is non-symmetric in z lt z% [(10), Art. 38]. This is impossible, 
since the ternary forms are symmetric functions of z lt %, z 3 . [Art. 20]. Hence, 
all their polars with respect to the coordinate vertex, 0:0:1, through which all 
the invariant curves pass [Art. 24], are symmetric functions in z lt a 2 , and similar 
statements hold with reference to the other three fundamental points. 

Therefore, all invariant for 7ns under G m have as their binary correspondents 
at the point* 13, rational, integral functions of 

/l) J% > /3- 

47. The complete enumeration of binary correspondents for all ternary 
forms of degree 6, 12 and 18 may now be given as follows : 

m x A ~ 2m 1 f 3 , 

( m 2 fl, if m 1 = 0, w* 2 :£0. 



m x A z + m % G + m^AP 2 ~ - 



m%fl, 
2 3 m 1 /|, 



if m x = , m z =f=0; 
if m x =f= , m t = ; 



2m 3 /|/|, if m x = m % — , m 3 :£ ; 
2m i ff, ifm 2 = — 2- 3 s m lt =f= ; 
2 3 m x fi + m 2 Jf, if m % =}= — 2 • B 3 m x =f= 0. 



*The foregoing investigation, which has been given with respect to the point 13, applies equally- 
well to all four critical points, since these are conjugate under Q$. 
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The simplest invariant forms independent of P % corresponding directly to 
the fundamental even binary forms are 

o ~fi, \ (i6) 

ho-/?.) 

The General Reduction Theorem. Arts. 48-52. 

48. Definition. An invariant form is said to be reduced if it does not con- 
tain P 2 as a factor. 

Lemma. 

Two reduced invariant forms of the same degree, which have the same hinary 
correspondent at one of the vertices, can differ only in such terms as contain P 2 as a 
factor. 

Proof: Let R and R' be two reduced ternary forms, each of degree Qn, hav- 
ing the same tangential quantic at the point 13. "We are to prove 

R-R' = P^-R' e ' {n _ w , (1) 

where R" contains no factor of P and is zero if (i = . 

Since R and R' are reduced forms, the common tangential quantic at the 
point : : 1, is of degree In [Art. 24], and involves only % and z 2 [Art. 46]. 
Hence, by principles of higher plane curves, 

(a). R and R! each contain no terms of degree less than In in % and s 2 . 

(b). They are identical in the terms of degree 2n in z x and %. 

(c). And, therefore, they can differ only in terms of degree higher than 2n 
in z x and z 2 • 

Now, R — R! is an invariant form of degree Qn, since R and R' are such by 
hypothesis. Then R — R' must have at 13 a tangential quantic of degree 
2(n + u). [Art. 24.] 

Two cases now arise : 

(I). ji= 0. The tangential quantic is then of degree In which, by (c), is 
impossible, since R — R' contains no terms of degree < 2n in % and z % . Hence, 

R—R' = 0. (2) 

(II). u=j=0. This means that R — R' actually contains P 2ft as a factor, in 
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which case alone [Art. 41] can a form have a tangential quantic of degree higher 
than 2n. Hence, the conclusion (I) is established. 

Corollary. 

49. If one of two ternary forms of the same degree has the factor P 2>1 (ft > 1), 
while the other does not, the degree of the binary correspondent of the former 
is greater by 2/* than that of the latter. 

Theorem VI. 

50. The most general invariant form under Gr m is a rational integral function 
of the forms A , P z , C. 

Proof: Let R x be the most general invariant form of degree 6n, and let Q 1 
be the resulting reduced form of degree 6 (n — 2^) . 

Suppose the binary correspondent of Q 1 is given by 

Qi~&M, fl /?), (i) 

where G x is a rational integral function of the even binary forms of degree 
2 (n— 2^j) in z lf g 2 [Arts. 24, 46.] 

Now, a known invariant form of degree 6 (n — 2^f) in %, z 2 , z 3 can be con- 
structed, having G x for its binary correspondent, 

S l =G 1 {\A 1 G,\C). (2) 

For the arguments in (1) are weighted 2, 6, 6 respectively in the variables, and 
they are the binary forms corresponding directly to the arguments in (2), which 
are weighted 6, 18, 18 respectively. See (16), Art. 47. 

Therefore, Q x and Sx are two reduced forms having the same binary corres- 
pondent, which, by the lemma [Art. 48] are then either identical or differ only 
in terms involving J 8 . 

Thus, either Q x — S x = , (3) 

in which case the theorem is proved, or 

Q 1 -S 1 = B 9 , (4) 

where B t is divisible by P 2Ma (^ 2 >1). 
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Call the quotient Q 2 of degree 6 (ra — 2^ — 2/x 2 ) and suppose 

Q*~G*(f „/!,/!). (5) 

Then, as before, set up the known form 

S,= G,{\A, G,\G<) (6) 

of degree 6 (n — 2(i t — 2^) and having the same binary correspondent as Q 2 . 
Hence, either Q 2 — S 2 = , (7) 

in which case R 2 = P 2 ^ G 2 

and R 1 = P 2 ^ + »' ) G 2 + P 2 *' d 

= <I>(P Z , A,G), (8) 

or else Q % — S. z = R 3 , (9) 

where P 3 is divisible by P 2 '' 3 (fz 3 > 1). 

If this process be continued, we must reach, after a finite number of steps 
x, a form independent of P 2 , since the finite degree 6n is successively reduced 
by multiples of 6, the divisor being always a power of P 2 . 

Hence, after the x th reduction, we shall have 

Q K —S K = (10) 

and Q K =S K =G K (hA, C,IC>), (11) 

where G K is a function of degree 6 [n— 2^ + fi s + .... + ,u K )] in z 1} z. 2 , z 3 . 
So that 

R K = P^G K . (12) 

But &_! = P K + »._, = P 2 "* <?„ + G K _,. 

Hence P,_ x = p>c« +"«-«(?, + P^-iG^. 

Likewise, 

P K _ 2 = P 2 <^ + ^-l + ^-2)^ + p»0-«_l + M«_8) flt^ + pa^_ 2G r K _ a) 

P K _ 3 = p(l'< + l'«-l+l'«-i+/',-S l (J i -j- p2(f K -l + MK-2+ f/t-S) (?«_! 



R 1 = p»(M«+c«_i+.— »«i) ^ _j. _p(is [ _i + M /c _a+....i'i)(y _|_ ....p^'Gx. 
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Therefore, we have 

Bi = fc(i*, 0i, <?«, ■■••<?„) 
= fc(2» J., (7, C") 

= 4, (P*.,l, tf), (13) 

where the <p's are rational, integral functions. 

51. Hence, every absolute invariant form under G m , throwing off the required 
factor in %, z 2 , z 3 , is a rational integral function of the fundamental forms A, P 2 , C. 

Out of these forms must be constructed the invariant fractions, which return 
absolutely to themselves after canceling the common factor in numerator and 
denominator thrown off under any quadratic transformation of the group. 

Since A is the only form of degree 6, there is no fraction of that order. The 
simplest fractions of degree 12, 18 and 24 respectively are 

^ . A^ AP^ . A*_ AG 
P % ' G ' G ' P 4 ' P 4 ' 

52. It was shown [Art. 17] that the form P is the only fundamental relative 
invariant form under G$, and that it throws off the factor ( — 1) . It also throws 
ofF( — 1) under the generator T' in addition to the factor r 2 in the a's required 
by the theorem of Art. 22. 

It is, therefore, the fundamental relative invariant form under G m , and all 
other relative invariants are formed from the product 

P 2K+1 -<I>(A, P 2 , G). 

However, P is an absolute invariant under the alternating group G m , and the 
complete form-system for this subgroup is, therefore, 

4, P, a. 

There is then for G m an absolute invariant fraction of degree 6, 

A 

P ' 

There is no form of degree 12 in addition to those given in Art. 51 
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For the degrees 18 and 24 the following non-reducible forms for G m are to 
be added : 

A 3 G A S P A i 

p 3 ' p s ' a ' pg' 

It will be seen that these fractions are all of type (III) or (IV), Art. 19, in 
which forms all relative invariant fractions under G m must occur. 

The University op Chicago, Dec. 1, 1900. 

Note.— In Part First, the last foot-note to Art. 1 should read, pp. 279-291, and the last foot-note to 
Art. 3 should read, p. 283. The heading above Art. 17 should read, Arts. 17-20. 



